We study the linear stability of localized modes in self-interacting spinor fields, using the generalization of the Vakhitov-Kolokolov approach. We show that vanishing of the energy functional indicates the border of the region of linear instability.
Introduction. Models of self-interacting spinor fields have been playing a prominent role in Physics for a long time [1] [2] [3] [4] . Widely considered are the massive Thirring model (MTM) [5] , the Soler model [6] , and the massive Gross-Neveu model [7, 8] , in which the selfinteraction gives rise to non-topological solitons of the form φ ω (x)e −iωt . Such solitary waves have also been found in Dirac-Maxwell [9] [10] [11] [12] and Dirac-Einstein systems [13, 14] .
Let us describe the role played by the solitary wave solutions in the quantum theory. In [8, 15] , such classical states were considered from the point of view of classical approximations of hadrons. It was shown in [16] that the classical Dirac-Coulomb and Dirac-Maxwell systems appear in the quantum field theory where these solitary waves correspond to polarons, formed due to interaction of electrons with phonons [17] . This reflects the LandauPekar approach to the polaron in the conventional nonrelativistic electron theory [18, 19] . A similar mechanism is also responsible for the formation of the Cooper pairs in the microscopic mechanism of the superconductivity [17] .
In spite of many attempts at stability in the context of the spinor fields (e.g. [20] [21] [22] [23] [24] ), essentially nothing was known. For many years, the stability analysis in the nonlinear Schrödinger and other similar systems was based on the Vakhitov-Kolokolov (VK) stability criterion [25] , with several important generalizations obtained (e.g. [26] [27] [28] [29] ); these results, however, do not extend to the Dirac-type systems, whose Hamiltonians are unbounded from below. It is becoming clear [30] [31] [32] that the VK criterion is still useful for the spinor systems in the nonrelativistic limit, when the amplitude of solitary waves is small. In particular, according to recent related results on linear stability and instability for the nonlinear Dirac equation [16, 33] , ground states (smallest energy solitary waves) in the DM system are expected to be linearly stable in the nonrelativistic limit ω −m.
In this paper, following [25] and [27] , we derive a new form of the instability criterion which plays an important role for the systems of self-interacting spinor fields. The criterion turns out to have a simple form: the condition
indicates the border of the stability and instability regions. Here E(φ ω ) the energy of corresponding solitary wave.
We show that in the pure power generalized massive Thirring model our criterion correctly indicates transition to instability (in this model the transition to instability occurs when E(ω) = 0; see Fig. 1 below) . Although we choose to give the results for these two systems, our stability criterion applies to many similar systems, such as coupled mode equations in nonlinear optics and photonics [34] and the theory of Bose-Einstein condensates [35] .
Let us give an informal outline. After the linearization at a solitary wave, the isolated eigenvalue λ = 0 of the linearized equation corresponds to several Jordan blocks related to the symmetries of the system, most importantly the U(1)-invariance and the translational invariance. When two purely imaginary eigenvalues collide at 0, they do so by joining one of these Jordan blocks; the collision then produces a pair of real eigenvalues (one positive, one negative) and results in linear (exponential) instability. The VK condition dQ/dω = 0 detects the enlargement of the block corresponding to the U(1) symmetry. We study the blocks corresponding to the translation invariance and derive the condition for their enlargement; it turns out that the condition corresponds to the energy of the solitary wave being zero. Let us mention that similar methods of studying transition to instability are employed in [27, 28] .
with ψ ∈ C N the spinor field. We assume that m > 0 and that F (ψ, ψ) is U(1)-invariant:
The Euler-Lagrange equation obtained by taking the variation of (2) with respect toψ (considered as independent of ψ) leads to the equation
Above, D m = −iα j ∂ j + βm is the Dirac operator, with α j = γ 0 γ j , β = γ 0 the self-adjoint Dirac matrices. We follow the convention that 0 ≤ µ, ν ≤ n, 1 ≤ j, k ≤ n, and assume that there is a summation with respect to repeated upper-lower indices (unless specified otherwise).
Conservation laws and the Virial identity
By Nöther's theorem, due to the U(1)-invariance of the Hamiltonian, there is a charge functional
whose value is conserved along the trajectories. (Here and below, each integral is over R n unless stated otherwise.) The local law of charge conservation has the form
where
is the four-vector of the charge-current density.
The density of the energy-momentum tensor from [36] is given by
, we have
The components of the energy-momentum tensor T µν = T µν dx are given by
where L = L dx. Note that T µν is hermitian. Now let us consider a solitary wave solution
with φ ω (x) ∈ C N of Schwartz class in x. Comparing (2) and (7), we obtain:
By the Stokes theorem, the local form of the charge conservation (5) leads to
therefore, for a solitary wave (9), one has:
Similarly, since the energy-momentum tensor is the conserved Nöther current associated with space-time translations, for any fixed 0 ≤ ν ≤ n, there is the identity ∂ µ T µν = 0 which follows from the Euler-Lagrange equations. This leads to
We decompose the Hamiltonian functional into
Combining (8) and (12), we conclude that
Taking the trace of (14), we obtain the Virial identity
where K(ψ) is defined in (13) . Note that for a solitary wave ψ ω (x, t) = φ ω (x)e −iωt , one has E(ψ ω ) = E(φ ω ) since the Hamiltonian density (7) does not contain the time derivatives; similarly, the values of K, M , and V are the same on ψ ω and φ ω .
Linearization at a solitary wave
We assume that there are solitary wave solutions to (3) of the form (9) with ω ∈ Ω, where Ω is an open set. Many quantities appearing below will depend on ω, which we will indicate with the subscript ω; sometimes the subscript will be omitted to shorten the notations.
To study the linear stability of the solitary waves (9), we consider the solution ψ in the form
The linearized equation is not C-linear in ρ. To apply the linear operator theory, we write the linearized equation on ρ in the C-linear forṁ
The matrix-valued function V is self-adjoint and of Schwartz class in x; its dependence on ω is via φ ω .
The structure of the null space
Due to the U(1)-invariance of the equation, the perturbation ρ(x, t) that corresponds to infinitesimal multiplication of the solitary wave by a constant unitary phase is in the kernel of the linearization JL. Similarly, the translation invariance and the rotational symmetry result in vectors in the kernel of the linearized operator. As a result,
where φ ω = Re φ ω Im φ ω . These inclusions follow from taking the derivatives in ω and x j of the relation E ′ (φ ω ) = ωQ ′ (φ ω ). One can check by direct computation that there is a Jordan block corresponding to each of these eigenvectors:
By (17) , there are Jordan blocks of size at least 2 corresponding to each of the vectors Jφ ω , ∂ j φ ω from the null space. When two (or more) eigenvalues collide at λ = 0, at a particular value of ω, they can instantaneously join one of these two types of Jordan blocks permanently residing at 0. We now consider these two events.
U(1)-invariance and Vakhitov-Kolokolov criterion
Let us revisit the VK criterion from the point of view of the size of a particular Jordan block at λ = 0. By (17) , the Jordan block of JL corresponding to the unitary invariance is of size at least 2. The size of this Jordan block jumps up when we can solve the generalized eigenvector equation JLu = ∂ ω φ ω . Since L is Fredholm (this follows from L being self-adjoint and 0 ∈ σ ess (L) = R\(−m, m); see e.g. [37] ), such u exists if ∂ ω φ is orthogonal to the null space of (JL) * = −LJ. The generalized eigenvector ∂ ω φ is always orthogonal to J −1 ∂ k φ ∈ ker LJ, 1 ≤ k ≤ n. Indeed, we have:
where we used (17) and self-adjointness of L. By (11), the first term in the right-hand side is zero. The second term in the right-hand side is zero due to skew-symmetry of J. Thus,
We now need to check whether ∂ ω φ ω is orthogonal to φ ω ∈ ker LJ. The orthogonality condition takes the form
This is in agreement with the Vakhitov-Kolokolov criterion d dω Q(φ ω ) < 0 derived in the context of the nonlinear Schrödinger equation and more abstract Hamiltonian systems with U(1)-invariance [25, 26] .
Translation invariance and the energy criterion of linear instability
Let us find the condition for the increase in size of the Jordan block corresponding to translational invariance. This happens if there is ζ such that JLζ = ξ, where ξ = n j=1 c j ξ j = 0 is some nontrivial linear combination of generalized eigenvectors. Since L is Fredholm, the sufficient condition is that ξ is orthogonal to vectors from ker LJ. By (19) and (20), one always has
ensuring orthogonality of ξ to φ ω ∈ ker LJ. Now we need to ensure orthogonality to all of J −1 ∂ k φ ω ∈ ker LJ, 1 ≤ k ≤ n. We may write this condition in the form
Substituting ξ j from (18), we have:
Since
we rewrite (24) as
Using (10), (14), and (25), we get C jk (ω) = E(ω)δ jk . Thus, the condition (23) for the increase of the size of the Jordan block in the nonlinear Dirac equation is equivalent to
Remark 1. Let F (ψ, ψ) be homogeneous of degree k + 1 inψ and in ψ and assume that F (ψ, ψ) ≥ 0. Substituting into ∂ λ | λ=1 E(φ λ ) = ω∂ λ | λ=1 Q(φ λ ) the families φ λ (x) = φ(x/λ) and φ λ (x) = λφ(x), we derive the relations
These relations yield 1 n K(φ) = −kV (φ). With V := − F (ψ, ψ) dx < 0, we have E = ωQ − kV > 0 for ω > 0. Then one has E(φ ω ) > 0 for ω > 0. (27) It follows that in the pure power case this instability mechanism could only play the role for the nonlinear Dirac solitary waves with ω < 0.
Rotational symmetry
In the (3+1)D case, the kernel of the linearized operator contains the eigenvectors due to the rotational symmetry. For 1 ≤ j ≤ 3, denote
are the eigenvectors which correspond to infinitesimal rotations. Above, ǫ jkl are the Levi-Civita symbols. It turns out that Jφ ∈ ker JL is a linear combination of Θ j , 1 ≤ j ≤ 3, so that these three eigenvectors only contribute two into the dimension of ker JL.
One can check that the condition for the generalized eigenvector ∂ ω φ to be orthogonal to JΘ j , 1 ≤ k ≤ 3, is given by the VK condition
One can also check that the generalized eigenvectors ξ j , 1 ≤ j ≤ 3, are always orthogonal to Θ k , 1 ≤ k ≤ 3:
Therefore, the presence of these eigenvectors in the kernel of JL in the (3+1)D case does not affect the size of the Jordan blocks associated with unitary and translational invariance; these sizes are completely characterized by the conditions (21) and (26) . There are no new Jordan blocks associated to Θ j . For example, for the standard Ansatz
one has Θ 3 = −Jφ, Θ 1 = JΘ 2 , so that
As a consequence, the Jordan block corresponding to Θ 3 is the same as the one corresponding to the unitary invariance (whose size is controlled by the VK condition (21)), and there are no Jordan blocks corresponding to Θ 1 , Θ 2 since neither is orthogonal to ker(JL)
Application to the generalized massive Thirring model
We consider the (generalized) massive Thirring model in (1+1)D, characterized by the Lagrangian
Here · g is the length in the Minkowski metric,
The choice k = 1 leads to the nonlinear Dirac equations with cubic nonlinearities originally considered in [5] .
In the nonrelativistic limit ω m, for k ∈ (0, 2), one has spectral stability according to [33] ; for k > 2, there is linear instability by [32] .
On Figure 1 , we plot the results of the numerical analysis of the quadratic MTM (k = 1/2). We set m = 1. One can see that there is ω ⋆ ∈ (−m, 0) such that for ω ∈ (−m, ω ⋆ ) the solitary waves are linearly unstable.
A similar phenomenon takes place for other values of k > 0, k = 1: there is a collision of eigenvalues at the origin at some ω ⋆ = ω ⋆ (k) ∈ (−m, 0) and linear instability for ω ∈ (−m, ω ⋆ (k)).
For k = 4, there is a collision of eigenvalues at ω ≈ ω ⋆ ≈ −0.9m, where E(φ ω ) vanishes. Linear instability takes over for ω ∈ (−m, ω ⋆ ).
Remark 2. The Soler model [6] has the Lagrange density
The corresponding equation is
with f (s) = F ′ (s). It follows that if φ ω (x)e −iωt is a solitary wave solution to the nonlinear Dirac equation (32) , then φ ω (x)e +iωt is a solitary wave solution to the nonlinear Dirac equation 
. Thus, one can always rewrite a solitary wave solution with ω ∈ (−m, 0) as a solitary wave with ω ∈ (0, m). Therefore, we conclude from (27) that for the Soler model for pure power nonlinearities F (s) = |s| k+1 /(k + 1), k > 0, the condition E(φ ω ) = 0 is not triggered; the collisions of eigenvalues at the origin are described solely by the VK condition d dω Q(φ ω ) = 0.
Discussion and conclusions. We have shown that the condition E(φ ω ) = 0 indicates the border of the linear instability region.
The real eigenvalues produced after the collision of eigenvalues at λ = 0 correspond to vectors which are essentially parallel to ∂ j φ ω . Thus, the unstable behavior develops from a slight push, after which a solitary wave accelerates and loses its shape.
Our criterion is of a general type, and our preliminary investigations in the massive Thirring model in (1+1)D show that it correctly predicts the eigenvalue collision, see Fig. 1 . It can also be shown that for the NLS or Klein-Gordon equations, the analogous criterion is never triggered and the collision of eigenvalues at the origin is completely described by the VK condition ∂ ω Q(φ ω ) = 0.
It is important to mention that this new criterion and the Vakhitov-Kolokolov criterion do not exhaust all scenarios of instability. In particular, two pairs of purely imaginary eigenvalues may collide away from the origin and turn into a quadruplet of complex eigenvalues with nonzero real part. Numerically, however, we have not yet observed such a phenomenon for linearizations at solitary waves in the massive Thirring or Soler models in (1+1)D. The necessary conditions for such a bifurcation is that the bifurcation point is itself an L 2 eigenvalue, satisfies |λ b | ≤ m + |ω|, and is of zero Krein signature; see [33] .
